Abstract. Indecomposability of p-adic Tate modules over the p-inertia group for non CM (partially p-ordinary) abelian varieties with real multiplication is proven under unramifiedness of p in the base field and in the multiplication field.
As quoted by Ghate-Vatsal in [GV] Question 1 (and answered there affirmatively to a good extent), it is a fundamental problem posed by R. Greenberg to decide indecomposability of an elliptic modular p-adic Galois representation restricted to the decomposition group at p in the ordinary case (as long as the representation is not of CM type). Jointly with B. Balasubramanyam, they have generalized the result to the cases of Hilbert modular forms for primes p splitting completely in the totally real base field (see [GV1] ). There are some good applications of their results (see for example [E] and [G] ). We can ask the same question for p-adic Galois representations arising from the Tate module of an abelian variety A with real multiplication defined over a number field k; so, End(A /k ) is the integer ring O of a totally real field of degree dim A. This concerns the p-adic Tate module T p A for a prime p|(p) of O as a module over the decomposition group D p at a place P over p of k. Suppose that A has good reduction modulo P. If the finite flat group scheme A[p] of p-torsion points is local-local at P, as is well known, the D p -module A[p](Q p ) or T p A ⊗ Op F p is often irreducible (as proven in [ALR] IV-38, §A.2.2 for elliptic curves, see also the generalization of Serre's modulo p modularity conjecture for totally real k; in particular, §3.1 of [BDJ] ). Anyway in this paper, we limit ourselves to the case where A[p](F p ) = {0}. This assumption does not necessarily mean that A has ordinary good reduction at p.
We answer this question affirmatively in Theorem 5.1 for an abelian variety with sufficiently many real multiplication but without complex multiplication (over Q) if the endomorphism totally real field F and the field k of definition are unramified at p over Q. Since simple factors of the jacobian of a Shimura curve are often of this type, we should be able to answer the original question by Greenberg. Indeed, Bin Zhao [Z] has just removed our assumption of unramifiedness of p in the base field k and in the multiplication field F and has proved unconditionally indecomposability for the nearly ordinary Galois representation of each weight 2 Hilbert cusp form at least over an odd degree totally real base field. If the base field has even degree, he had to assume square-integrability at a finite place or the existence of an abelian variety associated to the cusp form.
Since a CM abelian variety with ordinary good reduction at p has semi-simple Tate module over D p , we may regard the p-local indecomposability of the p-adic Tate module as a characterization of non CM/CM abelian varieties via local p-inertia action. The importance of such characterization is emphasized in [H11a] , and other examples of characterization are listed there.
Throughout this paper, we fix an algebraic closure Q in C and an algebraic closure Q v of Q v (the v-adic field or R for v = ∞) for each rational place v. We write C v for the completion of Q v under v. Therefore, for each v, we fix a field embedding i v : Q → C v (here i ∞ coincides with the original inclusion Q ⊂ C) and identify all C v with C so that we have the following commutative diagram for each v:
Here is a sketch of our proof of indecomposability (and an outline of the paper), assuming for simplicity that the abelian variety A over a number field k ⊂ Q has multiplication by the integer ring O of a real quadratic field F ; so, 2 = [F : Q] = dim A and End 0 F (A /Q ) = End 0 F (A /k × k Q /Q ) = F (this means that A does not have complex multiplication), where "End 0 F (?)" denotes the total quotient ring of the O-linear endomorphism algebra End O (?) of the object "?" inside. Such abelian varieties are parameterized by Hilbert modular varieties whose theory we recall in Section 2 to the extent we need (explicitly or implicitly).
Let O denote the integer ring of k. We denote primes of k by upper case Gothic letters and those of F by lower case Gothic letters, and the corresponding Roman (lower case) character is the residual characteristic of a prime denoted by a Gothic character. Suppose further for simplicity that A has ordinary good reduction at primes P and L with p = l. On the contrary to what we want to prove, suppose that A[p ∞ ] for a prime p above p has a semi-simple Tate module over D p = Gal(Q p /k P ). Then the p-adic Serre-Tate coordinate t p (A) of A is equal to 1. If p is a unique prime over (p) in O, this identity t p (A) = 1 forces A to be a canonical lift having complex multiplication. Thus we assume (p) = pp in F with p = p . By the Serre-Tate theory, for the Witt vector ring W p with coefficients in an algebraic closure F p of F p , the deformation space of the reduction A P = A ⊗ OP F p (for F P := O/P regarded as sitting in F p ) is isomorphic to S /Wp = S p/Wp := G m ⊗ Zp O p = S p × S p with S p := G m ⊗ Zp O p , and t p is the coordinate of the multiplicative formal group G m ⊗ Zp O p = G m (as O p = Z p ). In other words, G m/Wp is the formal completion of G m = Spec(W p [t p , t −1 p ]) along the origin (i.e., the identity) of its reduction modulo p. We recall in Section 1 some details of the construction of Serre-Tate coordinates.
The field M = End 0 F (A P/Fp ) is a CM quadratic extension of F . We have two Serre-Tate coordinates t p and t p . Since A does not have CM, we must have t p (A) = 1 (as the origin of S corresponds to the canonical lift of A P which has complex multiplication by the CM field M ). By the universality of S, M × acts on S naturally by an isogeny action. Then by the reciprocity law of S in [H10] §3.3, we
for an embedding σ : M → Q inducing the place p of F after composing with i p . Here c denotes the generator of Gal (M/F ) . For the l-adic place l induced by i l • σ, we have the Serre-Tate coordinate t l of the deformation space S l = G m ⊗ Zp O l of A L . Now the abelian variety A gives rise to a k-point x of the Hilbert modular Shimura variety Sh /Q for GL(2) /F . Looking at the k-tangent space T an
) maximal at p and l), the Lie algebras Lie( S p ) and Lie( S l ) are related to (the σ-part of) T an x via appropriate scalar extension; therefore, the action of M × on Lie( S p ) can be transferred to Lie( S l ) via T an x . We will see in Section 4 that t p (resp. t l ) is the exponential of the corresponding linear coordinate τ p (resp. τ l ) of Lie( S p ) (resp. Lie( S l )). From this, we conclude in Theorem 4.5 that t l also satisfies
In Section 3, we describe the canonical O-action on Ω Sh/k , T an x and on Lie( S), and in Section 4, we study the M -action (extending the O-action) on the Serre-Tate coordinates (and its linear version).
, we can compare τ p = log p •t p and τ l = log l •t l for the v-adic logarithm log v . Since they both satisfy τ ? • α = α σ(1−c) τ ? , they are proportional; so, τ l (A) = 0 and hence t l (A) = 1, which implies the Tate module T l A of A[l ∞ ] is also semi-simple under D l . As is well known (cf. [O] 2.7 and Section 7 in the text), split ordinary primes for an abelian surface have Dirichlet density 1 for k (replacing k by its finite extension if necessary), and using non-CM property of the p-adic Galois representation on the Tate module T p A (combined with Chebotarev density), we can find l such that M ∼ = End 0 F (A L/Fl ), getting a contradiction (whose details will be given in Section 5). In the text, we fill details of this argument and generalize this to totally real fields F with [F : Q] ≥ 2, to primes p with residual degree ≥ 1 and to abelian varieties A which may not be ordinary at P (i.e., only partially ordinary at P).
As a byproduct of our proof, we get (in Theorem 4.5) the proportionality of τ p and τ l . Though it is irrelevant to the proof of the main theorem, we will compute in Section 6 explicitly the proportionality constant as the ratio of the square of the Katz p-adic and l-adic CM periods. In the above sketch of the proof, we used heavily existence of many primes of k at which the given abelian variety A /k has good (partially) ordinary reduction. We give a brief account of the fact that such primes has density 1 among primes of (the Galois closure of) k in Section 7.
As is clear from this sketch, there is much room for generalization of our argument to abelian varieties with less multiplication. We hope to come back to the study of local indecomposability for general abelian varieties in near future.
The author thanks Brian Conrad for some help of identifying an optimal reference in rigid analytic geometry for quotes here.
Deformation space of an AVRM
Pick a rational primes p. Let F be a totally real field with integer ring O in which p is unramified. Write d = [F : Q]. Let (A, λ, θ) /k be an abelian variety with real multiplication by O (in short an AVRM by O) over a number field k ⊂ Q with integer ring O in which p is unramified. Here θ : O → End(A /k ) is a ring homomorphism sending the identity to the identity making Lie(A) a free O ⊗ Z k-module of rank 1, and λ : A → t A for the dual abelian scheme t A = Pic 0 A/k is an O-linear polarization of degree prime to p. Thus the p-adic Tate module T p A is free of rank 2 over
Let F p = F P be an algebraic closure of F P = O/P, and write W = W p for the ring of Witt vectors with coefficients in F p . We identify W with the subring of C p which is the p-adic completion of the ring of integers in the maximal unramified extension of
which is a discrete valuation ring with residue field F p (and is a strict henselization of
Let O P be the P-adic completion of O, and suppose that (A, λ, θ) /k extends to the triple (A, λ, θ) /OP for an abelian scheme A /OP . Thus we can think of the special fiber (A 0 , λ 0 , θ 0 ) /Fp = (A, λ, θ) × Op F p . Let CL W denote the category of complete local W -algebras with residue field F p . We consider the fiber category
We suppose that (NLL) the reduction A 0 := A P = A ⊗ OP F p has nontrivial p-torsion F p -points. 
. We require to satisfy the following commutativity:
where Λ 0 is the special fiber of Λ. A morphism
0 ) making the following two diagrams commutative:
Here GSCH (resp. BT ) stands for the fiber category of group schemes (resp. Barsotti-Tate groups) over CL W . We have a natural functor:
Theorem 1.1 (Serre-Tate). The above functor: D /W → DEF is a canonical equivalence of categories.
A proof of this is given in [K] though the input of θ and λ is not there (see [K1] Lemma 1.11.6 or [Ra] §1.7 for how to modify the argument incorporating endomorphisms and a polarization).
We can split DEF into the product of the following fiber categories: DEF ord and DEF ll over CL W . Here "ord" stands for ordinary Barsotti-Tate groups and "ll" stands for local-local BarsottiTate groups. 
which induces the equivalence between DEF and DEF ord × DEF ll . We consider the following deformation functor D : CL /W → SET S given by
To describe the deformation space representing D, we write O Ξ = l∈Ξ O l for the Ξ-adic completion of O for any finite set of prime ideals Ξ of O. Then we put
Proposition 1.2. Let the notation be as above. Suppose that p is unramified in F/Q and in k/Q. Then the deformation functor D is representable by the smooth formal scheme S /W which is a product of two smooth formal schemes: 
(called a test object) gives rise to an F p -point x 0 of the Hilbert modular Shimura variety Sh 
along the origin corresponding to the maximal ideal (p, t − 1). Here we used the fact that for the cocharacter group L of a split torus T /W , we have a canonical isomorphism:
Hilbert modular Shimura variety
Here is a more detailed definition of AVRM by O. Write O * = Hom Z (O, Z) (the Z-linear dual), which can be identified with the different inverse of F /Q by the trace pairing. A triple (A, λ, θ) /S with an abelian scheme A over a scheme S with real multiplication is called an AVRM by O if it satisfies the following four conditions:
is an embedding of algebras taking the identity to the identity. (rm2) λ is an O-linear symmetric isogeny λ : A → t A induced by an ample line bundle fiber-by-fiber geometrically (see [GIT] 6.2). Identifying
(rm3) The image of θ A is stable under the Rosati involution on the endomorphism algebra End 0 (A):
locally under the Zariski topology of S, where the sheaf Lie(A) of Lie algebras of A (i.e., the pull-back of the tangent bundle over A /S by the 0-section) is an O-module by the action induced from θ.
An AVRM A defined over a field κ (potentially) has complex multiplication (or has CM) if the algebra End
for an algebraic closure κ of κ is not equal to F (and if κ ⊂ Q and A has CM, End
In the rest of the paper, we denote by Ξ a finite set of rational primes unramified in F containing the fixed prime p, and we put
be the fiber category over Z (Ξ) -schemes made of abelian schemes with real multiplication by O up to prime-to-Ξ isogenies. Thus the objects of
for a polarization λ with polarization ideal prime to
compatible with the data (λ, θ A ) and (λ , θ A ). Here GSCH /R stands for the category of group schemes over a ring R. We consider the Hilbert modular Shimura variety Sh
which is known to represent the stack made out of (A, is its prime-to-Ξ part given by {x ∈ F A |x l = x ∞ = 0 for all l ∈ Ξ}. Strictly speaking, to get Sh
(l ∈ Ξ), for Ξ (l) := Ξ \ {l}, we need to actually identify the Ξ (l) -part of the Tate module T Ξ (l) A with O 2 Ξ (l) (without specifying an isomorphism; see [H06] §1 for more details). Then the schemes
. The pro-scheme Sh (Ξ) is smooth over Z (Ξ) (cf. [PAF] Section 4.2).
which is a henselian semi-local Dedekind domain with localization at each maximal ideal m l of residual characteristic l equal to W l . We fix a non CM test object (A, λ, θ, η (Ξ) ) /WΞ satisfying (NLL). Let x ∈ Sh (Ξ) (W Ξ ) be the point representing this test object.
Suppose p ∈ Ξ. By a theorem of Tate (cf. [ABV] Appendix I), the reduction (A 0 , λ 0 , θ 0 , η
/WΞ containing x; so, V /Fp = V × WΞ F p is geometrically irreducible and contains x 0 . By the smoothness of Sh (Ξ) over Z (Ξ) and the existence of the smooth projective toroidal compactification of Sh (Ξ) , V /Fp is geometrically connected. By the global reciprocity law of Shimura (cf. [Sh] II), we know Theorem 2.1. Let the notation and the assumption be as above. Suppose p ∈ Ξ which is unramified in F/Q. Let κ = F p or Q. For the geometrically connected component
is given by the semi-direct product of the field automorphism group Aut(F /Q ) and
where G(R) + is the identity connected component of G(R) and "· · ·" indicates closure under adelic topology. Here Aut(F /Q ) acts on E (Ξ) through its action on G(A). For the above point
By this theorem, the stabilizer
It would appear later that we do not use this theorem, but it will be implicitly used to assure that our action of T M (Z (Ξ) ) preserves each geometrically irreducible component of Sh (Ξ) as its action factors
Proof. The first assertion is proven by T. Miyake in [M] for κ = Q (following the method of Shimura in [Sh] II) via the well known identification of the automorphism group of a bounded symmetric domain with the corresponding Lie group (e.g., [DLS] Chapter IV); in our Hilbert modular case, Aut(H I ) (H = {z ∈ C| Im(z) > 0}) has identity connected component isomorphic to P SL 2 (R) I for I = Hom field (F, Q). See [PAF] Theorem 4.14 for another algebraic proof for κ = Q, and the case where κ = F p is treated in [H06] . If g ∈ E (Ξ) stabilizes x 0 , by universality, we have a prime-to-Ξ
In other words, α can be regarded as an element of R
Lemma 2.2. Suppose that the AVRM (A 0 , λ) /Fp is defined over a finite field F q ⊂ F p and p ∈ Σ ord . Then the algebra M = End 0 F (A 0/Fp ) is a CM quadratic extension M over F generated by the Frobenius endomorphism over F q . In particular, the prime p in F splits into PP in R for primes P = P.
By this lemma, we have
, which is therefore a semi-simple quadratic extension of F p . Thus M is commutative, and the embedding restricted to M ⊂ M p factors through End F (A 0/Fq ) and its image contains the q-th power Frobenius map φ. Since F [φ]/F is a CM field because of the positivity and non-triviality of Rosati involution c of λ 0 , we must have M = F [φ] which is a CM quadratic extension of F .
Note that φ and its dual φ
We often choose P so that P contains φ; so, A 0 [P] is connected.
Eigen differentials
We keep the notation introduced in Theorem 2.1 in the rest of the paper. For an open compact [EGA] IV.8 or [EAI] §5.1.4). We take K sufficiently small so that K is neat; i.e.,
does not have torsion modulo its center (this holds true if K is inside the principal congruence subgroup of level N ≥ 3). Under neatness, V K is smooth over
Ξ by sending a ⊗ b to ϕ(a)b for ϕ ∈ I = Hom field (F, Q) (as primes in Ξ are unramified in O), we can accordingly split ω = ϕ∈I ω ϕ for a line bundle ω ϕ on which the O-action factors through ϕ. By the Kodaira-Spencer map (see [K] §3.6), Ω VK/WΞ is canonically isomorphic to
for the line bundle (ω 2ϕ ) * corresponding to the algebraic bundle ω 2ϕ (by GAGA theorems; see Example 2.4.6 in [C] ). Here we use * = an in the complex analytic case and in the rigid analytic case (and we place nothing in the algebraic case; if we need to specify the place v, we write * = v-an). If T is a part of the coordinate system belonging to ϕ (at v ∈ Ξ ∪ {∞}), we call T a ϕ-coordinate (at v).
The field M is a CM quadratic extension of F , and let
Supposing that x 0 is in the ordinary locus, by [H10] Proposition 3.8,
This is impossible, so such a nontrivial f does not exist. Suppose that we have a flat integral covering space U /U whose image contains x 0 on which the action of T extends. If f • ρ(α) = λ α f with a constant λ α ∈ F p for all α ∈ T for f ∈ F p ( U ), we consider the image X
• ⊂ U of {u ∈ U |f(u) = 0} and its Zariski closure X. By the same argument, we have
We will not use this transcendence result in the rest of the paper.
Eigen coordinates
Let V be the geometrically irreducible component of Sh
/WΞ as in Theorem 2.1 containing the point x ∈ V (W Ξ ), and take a neat open compact subgroup K of G(A (Ξ),∞ ). As before, let x 0 be the image of x in V (F p ) (assuming p ∈ Ξ). Recall V K defined in Section 3 which is the geometrically irreducible component of Sh
The W Ξ -algebra O is semi-local (of finite type), and its maximal ideal m l,x over (l) ⊂ W Ξ for l ∈ Ξ is unique. Since V /V K isétale, we may identify the P -adic localization-completion of O and that of O V,x for any prime ideal P of O V,x . We consider the prime P = P x given by the kernel of O → W Ξ induced by evaluation at x. Then P is a prime ideal inside the Jacobson radical of O (i.e., the intersection of all the maximal ideals {m l,x } l∈Ξ of O indexed by the residual characteristic l ∈ Ξ of m l,x ). Let K be the field of fraction of W Ξ , and consider the localization completion
We can extend scalar to
gives rise to a C v -algebra homomorphism O v → C v whose kernel, we denote by P v ; so, P = P v ∩ O. Then we localize O v at P v and write the localization as O v,Pv . We then complete it P v -adically,
We then have a commutative diagram of inclusions
As described above, we study coordinates around a point on S ord . The coordinate can be a formal function on S ord or a rigid analytic function defined on a rigid open neighborhood of the point in the associated p-adic rigid analytic space denoted by (
Here is what we mean by the rigid analytic space associated to S ord . A functor associating to a formal scheme Spf(A) a rigid analytic space is studied by Raynaud and Berthelot. The theory of Raynaud is explained in [BL] , and one can find a good account of that of Berthelot in [dJ] Section 7. As a special case of his theory, Berthelot associates, to Spf(W p [[ (T ) ]]/(f 1 (T ), . . . , f m (T ))) for a finite set of variable (T ) = (T 1 , . . . , T n ) and a finite set of power series
, the rigid analytic space X rig given by the zero set of {f j } j in the open unit disk D n in the n-dimensional affine space over the field of fraction F rac(W ) of W . Here we take the base-change of X rig to C p (see [NAA] §9.3.6), and write it as X p-an /Cp . This construction appears very naive, but as exposed in [dJ] , this functor has intrinsic meaning and functorial construction, and it extends naturally the results of Raynaud to formal schemes not necessarily of finite type over W . For
Then a convergent power series in C p {{τ ϕ }} ϕ∈Σ ord is a rigid analytic function well defined on ( S ord ) p-an , where C p {{τ ϕ }} is made up of power series n=(nϕ)≥0 a n τ
ϕ∈Σ ord with lim |n|→∞ |a n | p = 0 for |n| = ϕ n ϕ . The GAGA type theorems associating an analytic sheaf F p-an (again F p-an is the base change to C p of F rig in [dJ] ) to a formal coherent sheaf F are given in this setting in [dJ] §7.1.11, and the analytic/formal sheaf of Kähler differential is discussed in [dJ] §7.1.12. In particular, for a rigid point x ∈ X p-an coming from a smooth formal point x ∈ X(W ) in the generic fiber, the formal cotangent space Ω X/W (x) ⊗ W C p and the analytic cotangent space Ω X p-an /Cp (x) at x are identical.
For an l-adic Barsotti-Tate O-module B defined over a ring C, we write End O (B /C ) for the ring of O-linear endomorphisms of B defined over a ring C and put End
Lemma 4.1. Let l ∈ Ξ be a prime. Let E /F be a quadratic extension with
• is the connected component of the Barsotti-Tate group
is the dual inverse of η l under the Cartier duality induced by the polarization λ. If we have embeddings ρ :
L,q for all q ∈ Ξ for the q-component η
for all q ∈ Ξ, (4) there exist an extension of σ : F → Q to E (still denoted by σ) and a l-adic rigid analytic σ-coordinate τ σ = τ σ,l of the rigid analytic space associated to S ord l centered at x in S(W l ) such that τ σ (x) = 0 and τ σ • ρ(α) = i l (α σ(1−c) )τ σ for each σ inducing the place l on F after composing i l . Moreover the coordinate τ σ as in (4) above is unique up to scalar multiples.
We call a σ-coordinate satisfying (4) above a ρ-eigen σ-coordinate.
= ∅, by a theorem of Tate (see [ABV] Appendix I, Theorem 3), R is an order of a semisimple quadratic extension M of F (generated by the Frobenius endomorphism over F L ) whose simple components are all CM fields; so, M must be a CM quadratic extension (as it cannot be isomorphic to F × F ). By another theorem of Tate ([ABV] Appendix I, Theorem 2), we have
and we conclude to have
which is an order of E maximal at l by Lemma 2.2 applied to l. Note that
. By Serre-Tate theory, we have the Serre-Tate coordinate t := t l of the l-component
by universality, and this action induces a homomorphism : r 
We can perform the same procedure for other primes l ϕ ∈ Σ ord l , and get a coordinate τ ϕ for ϕ ∈ I associated to l ϕ satisfying the same property above replacing σ by ϕ. The associated rigid analytic space ( S is regarded as a set of field embeddings of F into C l ). Note here t σ (x) = 1 and τ σ (x) = 0 (by the splitting . Therefore it has power series expansion ) )f, by equating the power series expansion, we find that f is a constant multiple of τ σ .
If v = ∞, we put G ∞ = Aut F (H I ) (the complex analytic automorphism group inducing Olinear map on Ω H I /C ); so, G ∞ = P SL 2 (F R ) = ϕ∈I P SL 2 (R) according to the decomposition F R = F ⊗ Q R = ϕ∈I R for which the projection to the ϕ-factor induces i ∞ • ϕ : F → R (e.g., [DLS] Chapter IV). As is well known, the stabilizer of x ∈ V (W Ξ ) in G ∞ is given by an anisotropic torus in G ∞ . Write the torus as T ∞,x = T x = ϕ∈I T ϕ,x for T ϕ,x ∼ = C × /R × . We put Σ (G m 
× (the scheme automorphism group). Similarly, writing t = 1 + T , we have Aut ( G m 
Here Aut( G m ) stands for the automorphism group of the formal scheme G m . Note that
Thus φ ϕ only involves the parameter T ϕ ; so,
Σ ord by sending φ to (φ ϕ (T ϕ )) ϕ∈Σ ord . Let 1 ∈ S ord be the W p -point given by t ϕ = 1 for all ϕ ∈ Σ ord (i.e., the origin). The point x ∈ V (W Ξ ) gives rise to x ∈ S ord (W p ) and
is in the stabilizer of 1. The translation automorphism T x : y → xy ∈ S ord is an element in G p . Thus we can translate the group structure via T x so that x becomes the identity element. Then we have Proof. The action of g on each test object (A s , η
with an O-linear prime to Ξ-isogeny α. Thus it brings the O-linear group structure on the deformation space S 
The Proof. The result for v = ∞ is well known (see the argument towards the end of the proof of Theorem 4.5). If v < ∞, by Serre-Tate deformation theory, we have t v centered at 1 such that
x does the job, where
Since (A, λ, θ, η (Ξ) ) gives the point x ∈ V (W Ξ ), we may think of its p-fiber
, which is a CM quadratic extension of F in which p splits by Lemma 2.2. As before,we define ρ :
Theorem 4.5. Let the notation be as above.
Assume that p and l are unramified in F /Q , and suppose that we have a p-analytic ρ-eigen σ-coordinate τ p = τ σ,p of the form Proof.
p-an . Then we can further decompose:
where x pϕ is the projection of x to S ord pϕ and in the second identity, ϕ runs over ϕ ∈ I such that i p • ϕ induces the p-adic place p ϕ .
Since τ p (x) = 0, the Serre-Tate p-coordinate t p is equal to 1 at x; so,
Taking the canonical lift A 1/WΞ of A 0/Fp sitting over x 1 ∈ V (W Ξ ), the extension σ is determined by complex multiplication by M on ω σ (x 1 ) /WΞ which is the σ-eigenspace (under real multiplication by F ) of H 0 (A 1 , Ω A1/WΞ ) canonically isomorphic to ω σ (x) after extending scalars to W p . Thus for σ with
for the algebraic co-tangent space ω 2σ (x) /WΞ and the action of ρ on the rigid analytic line bundle (ω 2σ ) p-an is induced by its action on the algebraic line bundle ω 2σ over W Ξ , the action via ρ must preserve the algebraic ω 2σ (x). Therefore it preserves also
) fixes x v reversing our argument. We see this fact of ρ(T M (Z (Ξ) )) fixing x v group-theoretically now. Because of the v-adic Lie group structure on S ord v for v = p, l, the tangent space of S ord v at the origin
is a Lie algebra over W v , and we have the v-adic Lie algebra L v := Lie( S ord v ) over Z v canonically inside the tangent space T an v ; i.e., we have 
Its image under exponential map gives rise to the coordinate t σ on S
and t σ (x) = 1), whose v-adic logarithm is proportional to the v-adic logarithm of the Serre-Tate σ-coordinate. Then τ v = τ σ,v := log v •t σ is the desired ρ-eigen σ-coordinate, and x v is the fixed point of ρ on S ord v , which induces a homomorphism
To see τ v (x) = 0 in more down-to-earth terms, note that
Since the image of ρ v is v-adically dense, by the continuity of the action, we have
Then by Lemma 4.4, τ σ,p and τ σ,l are proportional each other as formal functions on the formal completion of
In particular τ σ,v (x) = 0, and this re-confirms that the coordinate τ v := τ σ,v is the desired one (up to scalar multiple).
The proof for v = ∞ is almost identical to the above proof for finite places. Here it is. We can bring H I isomorphically onto D I for the unit open disk D in C by a linear fractional transformation by a matrix in SL 2 (C) I so that x is sent to the origin 0, and the action of the torus T ∞,x/R in P SL 2 (R) I /R fixing x (isomorphic to (C × /R × ) I ) on the coordinate w σ of D at σ ∈ I is given by
Here D is the symmetric domain of SU (1, 1) (the signature (1, 1) special unitary group) isomorphic to SL 2 (R), and T 1 (C) ⊂ SL 2 (R)
I is identified with the diagonal torus in SU (1, 1) I ). To explain this in down-to-earth terms, write z for the standard coordinate of
is an open neighborhood of the identity of the Lie group C × = G m (C), and it is a Lie semi-group. Then the argument using the tangent space at x as above (identifying it with the Lie algebra of T ∞,x ) done for finite places v = p, l is valid also for v = ∞ without any change. Thus we can take w σ to be τ σ,∞ = τ ∞ . Again it is proportional to τ v over the formal completion.
Corollary 4.6. Let the notation and the assumption be as in Theorem 4.5.
• . By Theorem 4.5, we have τ l (x) = 0; so, t l (x) = 1, which implies that we get an O-linear isomorphism of Barsotti-Tate O-modules over W l :
Again by Theorem 4.5, we have
and fixes x l ∈ S ord l . Thus the image of ρ :
) is the unique torus (over
under a slight abuse of notation). This implies by universality of
for l-adic Serre-Tate σ-coordinate t σ,l . In other words, the triple (
, ρ) satisfies the assumption of Lemma 4.1 (3), and hence, by the O-linear embedding
Local indecomposability of an AVRM
Let (A, λ, θ) /Wp be an AVRM by multiplication by O with good reduction. Thus the triple (A, λ, θ) is defined over a number field k in which p is unramified. We suppose that Σ ord := Σ ord p is non-empty (so, A 0 = A ⊗ W F p is at least partially ordinary). By Serre-Tate theory, we have
For a finite set of primes Ξ including p (which will be specified later), we will choose suitably an isomorphism
defined over W Ξ in the proof of the following theorem. Since p is unramified in k and p ∈ Ξ, by extending scalars to a finite extension of k in the fraction field of W Ξ if necessary, for a neat open compact subgroup
, where c is the generator of Gal(M/F ). The embedding α → α p induces M P = F p for a prime P of M over p, and A 0 [P] is connected. We write σ p : F p → C p for the embedding induced by the σ-projection
is equivalent to semi-simplicity of the p-adic Tate module T p A as an I p -module for the inertia group I p in Gal(Q/Q) corresponding to i p • σ. We want to prove Theorem 5.1. Let the notation be as above. Suppose that O is unramified at p and that the place of k induced by i p is unramified over Q. If A /Q = A × W Q does not have complex multiplication, T p A is indecomposable as an I p -module for each p ∈ Σ ord p . Proof. On the contrary to the conclusion of the theorem, we assume that T p A for p ∈ Σ ord p is a semi-simple I p -module (so, t p (A) = 1). As before, i p • σ induces the place p for σ ∈ I. Note that A is defined over a number field k ⊂ Q unramified at p as A is defined over unramified W and A is projective. If p is inert in F , then t σ (A) = 1 implies t p (A) = 1; so, A is the canonical lift of A 0 ; so, A has complex multiplication, a contradiction. Thus we may assume that F has at least two primes over p, though we do not use this fact in the rest of the proof.
We write primes of F by lower case Gothic letters and primes of k by upper case Gothic letters. The corresponding roman character is the rational prime below. Pick a prime q of O. Identify T q A ∼ = O 2 q and write r q : Gal(Q/k) → GL 2 (O q ) for the Galois representation realized on T q A. Since A is isotypic as is well known (i.e., A is isogenous to a product of copies of an absolutely simple AVRM over a finite extension of k; see [GME] §5.3.1), we may assume that A is absolutely simple. Then D := End 0 (A /k ) is a (possibly commutative) division central simple algebra over a totally real field or a CM field Z with integer ring r (as A⊗ k Q does not have complex multiplication; see [GME] Lemma 5.3.2). Since F is totally real, Z ⊂ F has to be totally real. If D is commutative, D = F = Z is a totally real field, and if D is not commutative, it is a division quaternion algebra over Z. By a theorem of Faltings (solution of Tate's conjecture; see [ARG] II), for End
Z q is the q-adic completion of Z ⊂ F (i.e., the closure of Z in F q ). Let
Zq (T q A). Hence C q has center Z q and is independent of the choice of k . In particular, C q ⊗ Zq D q ∼ = End 0 Zq (T q A) ∼ = M n (Z q ) (n × n matrix algebra) for a suitable n (cf. [BAL] VIII.10.2). This implies that the Brauer classes over Z q of C q and D q are inverse each other (cf. [BAL] VIII.10.4). Since D is either a quaternion algebra over Z or D = F = Z, the Brauer class of D q has order at most 2 in the Brauer group over Z q . Thus C q is either isomorphic to a division quaternion algebra over
q . This open image property follows from Ribet's argument in [Ri] IV. Indeed, assuming that End 0 (A ⊗ k Q) = F (absolutely simple AVRM but non CM) and that A has a place of multiplicative reduction, Ribet computed the Lie algebra of Im(r) and showed the Lie algebra contains sl 2 (Z p ) (which implies the open image property by exponentiating the Lie algebra). His assumptions are used to show that C p = M 2 (F p ), and, using Faltings' result, Ribet's argument still works, and we get the open image property (see [BGK] Theorem C for more details of this point).
Since there are at least two non-isomorphic ramified semi-simple quadratic extensions of Q p , we have at least four non-isomorphic maximal tori in SL(2) /Qp defined over Q p having non-isomorphic projection to P GL(2). Thus we can find a torus
is an anisotropic maximal torus (i.e., T (O p ) is isomorphic to the norm 1 subgroup of the multiplicative group of a field extension of F p ), (p2) T (O p ) remains an anisotropic maximal torus (i.e., for example, if
T is the centralizer of α (i.e., α has two distinct eigenvalues in C p ). Since the isomorphism class of the centralizer of α (as tori over O p ) is determined by α mod p j for sufficiently large j, by Chebotarev density, changing T in its isomorphism/conjugacy class if necessary, we may choose a prime L outside p so that
= ∅ for primes L of k of Dirichlet density 1 (after replacing k by its finite extension if necessary; see Section 7 in the text and [O] 2.7 and [N] Introduction), we may assume that Σ ord l contains a prime induced by i l • σ (i.e., we may assume that l splits in M ); so, we have End
2 over F p for any prime q ∈ Ξ. Since A 0 is defined over F P , it has the Frobenius endomorphism φ over F P and M = F [φ] = End 0 F (A 0/FP ) is a CM quadratic extension of F (by Lemma 2.2). Thus we can find an R-linear isomorphism η
we may define an embedding ρ :
) by Lemma 4.1. Suppose that r p | Ip is semi-simple for p ∈ Σ ord for p induced by σ : F → Q p . Thus by semisimplicity, the following connected-étale exact sequence
of I p -modules splits, and hence the connected -étale sequence of Barsotti-Tate O-modules
et /Wp → 0 also splits (cf. [T] ). In particular, we have p = PP for prime ideals
Thus by Theorem 4.5, the corresponding coordinate τ l = τ σ,l on the l-adic deformation space satisfies the same invariance property (i.e., they are ρ-eigen coordinate and τ l (A) = 0). By our choice, M = End F -algebras) by Corollary 4.6.
CM periods and proportionality constants
In the proof of the indecomposability in the previous section, proportionality of τ p and τ l proven in Theorem 4.5 played an important role. We study the proportionality constant of our ρ-eigen ϕ-coordinate at each v ∈ Ξ in terms of CM periods of Katz and Shimura, starting with a CM abelian variety (not with the non-CM abelian variety we did so far). We show that the constant is the ratio of the square of v-adic CM periods. This section is independent of the proof of the local indecomposability (and the reader with interest only in local indecomposability may skip this section).
Let x 0 ∈ Sh (Ξ) (F p ) be in the ordinary locus. The Serre-Tate deformation space of x 0 is then
/Wp , and let (A 1 , λ 1 , θ 1 , η
1 ) /Wk be the CM abelian variety (the canonical lift) sitting over x 1 (which is originally defined over W p but it descends to W k for a number field k by the theory of complex multiplication [ACM] ), where
This is the CM point we study. Suppose that A 1 × Wk F l is also ordinary for l ∈ Ξ different from p. So we may assume that Ξ = {p, l}, and we suppose that l is unramified in (v) . This level structure (together with η
1 ) gives rise to a point on the v-adic
• ) for the universal abelian scheme A over the ordinary locus Sh ord ∞ of Sh (v) . We write simply again x 1 for this point on Ig v,∞ . By fixing
• ρ(α). Then write τ v,ϕ for the ρ-eigen ϕ-coordinate of (
By ordinarity, any prime factor v|v (for v = p, l) in O splits in M ; in particular, v is unramified in M /Q . Write Φ for the CM type of A 1 ; so, Φ is a collection of a half of embeddings of M into Q such that φ∈Φ φ as a representation of M is isomorphic to Ω A1/k ⊗ k Q. Supposing that k is large containing all conjugates of M in Q, we decompose H 0 (A 1 , Ω A1/Wk ) = φ∈Φ W k ω φ with nowhere vanishing differentials ω φ having an eigen-property θ 1 (α) * ω φ = φ(α)ω φ for α ∈ M = End 0 F (A 1 ). As is well known, R := θ −1 1 (End O (A 1/Wk )) is an O-order of M , in which any prime v|v of R splits (see Lemma 2.2).
Fixing complex uniformization L → C Φ A 1 (C) for a proper R-ideal L ⊂ R. Writing the variable of C Φ as u = (u φ ), ω ∞,φ := du φ ∈ H 0 (A 1 , Ω A1/C ) satisfies θ 1 (α) * ω ∞,φ = φ(α)ω ∞,φ for α ∈ M . Thus ω φ and ω ∞,φ are proportional, getting Shimura's CM period Ω ∞,φ ∈ C × by ω φ = Ω ∞,φ ω ∞,φ . Since γ ω ∞,φ ∈ φ(L) ⊂ W k for all γ ∈ π 1 (A 1 (C), 0) for the origin 0 ∈ A 1 , we have the classical algebraic period identity γ ω φ ∈ W · Ω ∞,φ . We put Ω ∞ = (Ω ∞,φ ) φ∈Φ ∈ (C × ) Φ .
For v = p, l, the level structure η v induces η v : G m ⊗ Z O = lim ← −n (µ v n ⊗ Z O) ∼ = A 1 defined over W v for the formal completion A 1 of A 1 along the origin 0 ∈ A 1 (F v ). Thus, writing G m = Spec(W [t, t −1 ]), the push forward η v, * ( dt t ⊗ 1) can be written as a unique sum η v, * ( dt t ⊗ 1) = φ∈Φ ω v,φ satisfying θ 1 (α) * ω v,φ = φ(α)ω v,φ for α ∈ M = End 0 F (A 1 ). We then define Katz's v-adic period Ω v,φ by ω φ = Ω v,φ ω v,φ . We put Ω v = (Ω v,φ ) φ∈Φ ∈ W Φ v (see [K1] ). Thus we get Proposition 6.1. Under our identification C p = C, the proportionality constant of ω p,φ and ω ∞,φ both in H 0 (A 1 , Ω A1/C ) = H 0 (A 1 , Ω A1/Cp ) is given by Ω ∞,φ /Ω p,φ for each φ ∈ Φ; in other words, we have Ω p,φ ω p,φ = ω φ = Ω ∞,φ ω ∞,φ = Ω ∞,φ du φ for ω φ ∈ H 0 (A 1 , Ω A1/WΞ ).
Assuming that A 1 is also ordinary at l ∈ Ξ, applying the above proposition to {p, ∞} and then to {l, ∞}, we get Corollary 6.2. Under our identification C p = C l , the proportionality constant of ω p,φ and ω l,φ both in H 0 (A 1 , Ω A1/Cp ) = H 0 (A 1 , Ω A1/Cl ) is given by Ω l,φ /Ω p,φ for each φ ∈ Φ; in other words, we have Ω p,φ ω p,φ = ω φ = Ω l,φ ω l,φ for ω φ ∈ H 0 (A 1 , Ω A1/WΞ ).
We have three Kodaira-Spencer maps:
(6.1) (π * Ω A/Sh We can identify Φ with I by φ → φ| F =: ϕ. Then ϕ-eigenspace under the action of O is identical to the φ-eigenspace under the action of R. The data
give rise to the corresponding differentials • ρ(α). Write τ v,ϕ for the additive SerreTate ρ-eigen ϕ-coordinate of ( S p )
v-an for v = l, p. Then we define the proportionality constant If A is an ordinary abelian variety with CM, we have τ p,ϕ (A) = 0 (as t p (A) = 1). Thus, we get only one nontrivial period, the Katz CM period Ω(A) p,ϕ . By a result of Shimura, the value of an algebraic modular form f at the CM abelian variety "A" with complex invariant differentials {du φ } φ is equal to a monomial of {Ω(A) ∞,ϕ } ϕ up to an algebraic number which is the value of f at (A, ω φ ) φ . Similarly, by a result of Katz, the value of f at the CM abelian variety "A" with p-adic invariant differentials {ω p,φ } of an algebraic modular form is equal to the same monomial of {Ω(A) p,ϕ } ϕ times f((A, ω φ ) φ ). An elementary treatment of the theory of Katz and Shimura can be found in [EAI] Section 1.3. If A is non CM and has ordinary good reduction, τ p,ϕ (A) plays a role similar to the Tate period of an abelian variety with multiplicative reduction, though we do not know much about its arithmetic meaning yet.
